Abstract. In this paper, we consider the Cauchy global problem for the L 2 -critical semilinear heat equations ∂ t h = ∆h ± |h|
Introduction
Consider the initial value problem for a semilinear heat equation:
where h(t, x) is an unknown real function defined on R + ×R d , d ≥ 2, γ > 1. The positive sign "+" in nonlinear term of (1.1) denotes focusing source, and the negative sign "-" denotes the defocusing one. The Cauchy problem (1.1) has been extensively studied in Lebesgue space L p (R d ) by many peoples, see e.g. [2, 3, 4, 6, 7, 10, 12, 13, 14, 15, 16, 18, 19, 21, 25, 26] ), the local conditional wellposedness of the problem (1.1) was due to Weissler in [26] , but the unconditional uniqueness fails, see Ni-Sacks [16] , Terraneo [22] . In the supercritical case (C), i.e. p < p c , it seems that there exists no local solution in any reasonable sense for some initial data h 0 ∈ L p (R d [25, 26] . Also, one see book
Quitnner-Souplet [17] for many related topics and references.
In this paper, we mainly concerned with the local and global existence of solution for
by p < p c and more generally, initial data iṅ
For simplicity, we only consider the Cauchy problem for the L 2 -critical semilinear heat
), we will prove that there exists some positive constant ε 0 depending on d, such that the Cauchy problem is locally and globally wellposed for any initial data h 0 is radial, supported away from origin and in the negative Sobolev spaceḢ
which includes certain L p -space with p < p c = 2 as a subspace (see Remark 1.1 below). We remark that, at present the the range of ǫ 0 in the following theorem may not be optimal to local and global existence of solution of the problem (1.2). On the other hand, we also mention that a result in Brezis and Freidman [3] implies that the problem (1.2) has no any solution ( even weak one) with a Dirac initial data δ, which is in
Theorem 1.1. Let µ = ±1 and
there exists a time δ = δ(h 0 ) > 0 and a unique strong solution
to the equation (1.2) with the initial data h 0 . Moreover, the following two statements hold: 
= 2 ). It was well-known that the unconditional uniqueness failed by
Ni-Sacks [16] and Brezis and Cazenave [2] .
Finally, it is worth mentioning that in the defocusing case, the smallness restriction on the initial datum in the statement (2) is not necessary for global existence. Indeed, we have
, then it follows by considering the solution from t = δ. Moreover, it is easy to find a large class of h 0 satisfying the conditions of theorem above. As described in Remark 1.1, our result shows that the solution h of the equation (1.2) exists globally on R+, for any the initial datum h 0 in L p (R d ) with some p < 2, which is radial and supported away from zero.
The paper is organized as follows: In Section 2, we will list several useful lemmas about Littlewood-Paley theory, and space-time estimates for the solution of linear heat equation.
Then in Section 3, we will give the proof of the main results, respectively. |ξ| ≤ 2} which equals 1 on the ball {ξ ∈ R d : |ξ| ≤ 1}. Define a dyadic number to any number N ∈ 2 Z of the form N = 2 j where j ∈ Z ( the integer set). For each dyadic number N, we define the the Fourier multipliers
wheref denotes the Fourier transform of f . Moreover, define P >N = I − P ≤N and P <N = P ≤N − P N , etc. In particular, we have the telescoping expansion:
where M ranges over dyadic numbers. It was well-known that the Littlewood-Paley operators satisfy the following useful Bernstein inequalities with s > 0 and 1
Tao [23] ):
Moreover, we also have the following mismatch estimate, see e.g. [11] .
Lemma 2.1 (Mismatch estimates). Let φ 1 and φ 2 be smooth functions obeying
for some large constant A. Then for m > 0, N ≥ 1 and 1 ≤ p ≤ q ≤ ∞, 
and the solution satisfies the following fundamental space-time estimates:
We can give some remarks on the inequalities (2.1) − (2.4) above as follows:
(i). The estimate (2.1) is classical and immediately follows from the Younger inequality by the following heat kernel integral:
More generally, for all 1 ≤ p ≤ q ≤ ∞, the following (decay) estimates hold:
(ii). The estimate (2.2) is equivalent to a kind of square-function inequality on
which can be reformulated as
which follows directly by the Plancherel's theorem, and also holds in the 
.
(iv). The estimate (2.4) consists of the three same type inequalities with the different
x on the left side. As shown in (iii) above, the second norm L
x . Because of similarity of their proofs, we can give a proof to the first one, which is the special case of the following lemma. It is worth to noting that when p < ∞, the estimate is L 2 -subcritical.
Lemma 2.3. Let 2 ≤ p ≤ ∞, and the pair (p 1 , r 1 ) satisfy
Proof. By Plancherel's theorem, it is equivalent that
Since by the Young inequality of the convolution on R + , for any 1
Note that p 1 ≤ 2 ≤ p, thus by Minkowski's inequality, Plancherel's theorem, Sobolev's embedding we obtain
. which gives the desired estimate (2.6). 
3. Proof of Theorem 1.1
In this section, we will divide several subsection to finish the proof of Theorem 1.1. For the end, we first establish a supercritical estimate on the linear heat flow in the following subsection.
3.1. A supercritical estimate on the linear heat flow. Let us recall the following radial Sobolev embedding, see [24] for example.
Lemma 3.1. Let α, q, p, s be the parameters which satisfy
Moreover, let at most one of the following equalities hold:
Then the radial Sobolev embedding inequality holds:
, suppose that the radial function
Proof. By Lemma 2.1, we have
, 1), then by Lemma 3.1 we have
where the first inequality above has used the condition supp f ⊂ {x : |x| ≥ 1}. Thus we get
Interpolation between this last estimate and (2.2), gives our desired estimates.
3.2.
Local theory and global criterion. We use χ ≤a for a ∈ R + to denote the smooth function
and set χ ≥a = 1 − χ ≤a .
Now write
where
Then we will first claim that w 0 ∈ L 2 (R d ), and
Note that w 0 = χ ≤ 
Proof. By the support property of h 0 , we may write
By Lemma 2.1 and Bernstein's inequality, we have
Moreover, since P ≥N = I − P <N and M > 2N, we obtain
) denotes the high frequency truncation of the bump function χ ≥ 9 10 .
Note that
Hence, we have
Therefore, taking summation, we obtain
Inserting (3.6) and (3.7) into (3.5), we prove the lemma.
Moreover, by the Bernstein estimate,
Then this last estimate combining with Lemma 3.3 gives (3.3).
Second, we claim that
Indeed,
Hence, we only consider the latter term. By Sobolev's embedding and Hölder's inequality, we have
Hence (3.8) follows from Lemma 3.3.
We denote
Then v L is globally existence, and by Plancherel's theorem and (3.8)
Moreover, let ǫ be a sufficiently small positive constant, then we claim that
For the former term, since γ < −ε 0 , by Bernstein's inequality,
So we only need to estimate the latter term. Let q be the parameter satisfying
then q > 1. Since γ < 0, by Sobolev's and Hölder's inequalities,
Furthermore, by Lemma 3.3,
Combining the last two estimates above, we obtain
This gives (3.10).
Now we denote w = h − v L , then w is the solution of the following equation,
The following lemma is the local well-posedness and global criterion of the Cauchy problem 
Furthermore, let T * be the maximal lifespan, and suppose that
Proof. For local well-posedness, we only show that the solution
for some δ > 0. Indeed, the local well-posedness with the lifespan [0, δ) is then followed by the standard fixed point argument. By Duhamel's formula, we have
Then by Lemma 2.2, for any
Noting that either h 0 Ḣ−ε 0 (R d ) ≪ 1, or choosing δ small enough and N large enough, we have e t∆ w 0
then by the continuity argument, we
Further, by Lemma 2.2 again,
Hence, using (3.10) and (3.12), we obtain
Suppose that
Hence, w exists on [0, T * ], and w(T * ) ∈ L 2 (R d ). Hence, using the local theory obtained before from time T * , the lifespan can be extended to T * + δ, this is contradicted with the definition of the maximal lifespan T * . Hence, T * = +∞.
3.3. Uniqueness. Here we adopt the argument in [15] , where the main tool is the the maximal L p -regularity of the heat flow. Let h 1 , h 2 be two distinct solutions of (1.2) with the same initial data h 0 , and write
By the Duhamel formula, we have
Note that there exists an absolute constant C > 0 such that
Then by the positivity of the heat kernel, we have
Then we get that for 2
For the first term in the right-hand side above, using Lemma 2.3 and choosing p large enough,
, where we have chose (p 1 , r 1 ) that
(Note that d > 4 and p is large, we have that p 1 ∈ (1, 2), r 1 ∈ (1, 2)). Hence, by Hölder's inequality, we obtain that
For the second term in the right-hand side above, using Lemma 2.4,
Since d > 4, by Sobolev's embedding, we further have
. Collection the estimates above, we obtain that
By (3.10) and Lemma 2.2, we have
Hence, choosing τ small enough and from (3.13), we obtain that w ≡ 0 on t ∈ [0, τ ). By So it remains to show the decay estimate when t > 1. By Duhamel's formula, we have
Similar as (3.14), we have
Then using the estimate above and Lemma 2.5, we further have 
ds.
In the last step we have used the fact d ≥ 4 such that Thus we obtain that h(t) X(T ) h 0 Ḣ−ε 0 + h(t) Since the estimate is independent on T , we give that h(t) L 2 t − ε 0 2 h 0 Ḣ−ε 0 , for any t > 1.
Therefore, we obtain that h(t) L 2 t This proves the second statement (2) in Theorem 1.1.
